MATH 302: CALCULUS 111-VECTOR AND MULTIVARIANT CALCULUS

CHAPTER ONE EXERCISES
EXERCISES 1-A

. Express the following in terms of i:

(i) V=4 (i) V=25 (i) V=5 (iv) V=27 (v) VI6— V=9

2. Express each of the following as an element of the set {—1, 1, i, —i}:
(i) i° (ii) i° (ii) i° (iv) i (v) i
3. Express each of the following in the form a + ib:
(i) B+2)+(5—-1) (i) (6— i)+ (4—3i) (iii) (—2+ 3i)+ (6 — 4i)
(iv) (22— +(-1+7i) (v) 6i+ (3+5i) (vi) (a +ib) + (c + id)
4. Simplify each of the following:
(1) 2—-6i))—(1+i) (i) (3—6i)—(2+4i) (iii) 2—i)—(—1+4i)
(iv) 3 —(2+4i) W) (6—-2i)—4 (vi) (a+ib) — (2 — 3i)
5. Express in the form a + ib:
(i) G++4) () (1-i)2+3i) (i) (2—i)(3+2i)
(iv) (2+3)(2—-3i) (v) (1 —4i)? (vi) (2+ i)
6. If z, =3 — i, z, =1+ 2{ and z, = —2i, express in the form a + ib:
(i) 3z, (i) z, — z4 (iii) 2z, + z, (iv) 2z, + z,
(v) —2z, (vi) iz, (vil) 2z, + iz, (viii) i(z,.z5)
7. If z=-3+5i find (i) z+2z (ii) 2.z
8. Express the following in the form x + iy:
. 1 oy 2410 een 3+ 28
W) 37%; ) 7% (i) 5—5;
. 2i 3—2i .\ 2—3i
™) 233 ¥ = M) 5
1 V3 5
9. Ifz—fi—kz—z—,ﬁndz.
3 3
Hence verify that (—% + i %) =1.
10. If z, =2 — 5/ and z, =1 — 4, express in the form a + ib:

11.

12.

13.

() z,+ z, (1) z,z, (ii1) Zi[ (iv) iz,z,
1
If z=3—1i, express z + é in the form a + ib.
If z=x+ iy, prove that
1 1
Re(z) = 5 (z+2) and Im(2) = T (z—2)

(i) Evaluate 1+ i—3i* +’

(ii) Given that (2+3i)z =4 — i, find the complex number z in the form a + ib.



14. Show that (cos 6 + i sin 6)” = cos 26 + i sin 26.
1+
1_

1—1i
1+

: [ 5 ;
15. Express (i) : and (ii) in the form a + ib.

Hence, or otherwise, find k if i l = k( L i).

L1 1+4:¢
-1+iV3 ,
16. Express a3 the form a + ib, where a and b are real numbers.

17. If z, = x, + iy, and z, = x, + iy,, show that z,z, + z,z, is real.

18. (i) Simplify (1 — i) >+ (1 + i) >
1

(ii) The complex numbers u, v and w are such that ” + o W

If u =3+ 2i and v =2+ 3i, find w in the form a + ib.

19. Simplify the following

(a) (2+6i)+(9—2i) (b) (8—3#)—(1+54)
(c)  3(7— 3i)+ i(2 + 2i) (d)  (3+57)(1— 41)
(e) (5+12iN6+Ti) ) (2+?

(8 1 (h)y

(i) (1—57° ) QA+H*+0—0n?
k) 2+ +@e2z-n? (1) (a+ ib) a—ib)

20. The imaginary part of a complex number is known to be twice its real part. The
absolute value of this number is 4. Which number is this?

21. The real part of a complex number is known to be half the modulus of that
number. The imaginary part of the number is 1. Which number is it?

22. True or False? (In mathematics this means that you should either give a proof
that the statement is always true, or else give a counterexample, thereby
showing that the statement is not always true.)

For any complex numbers z and w one has
{a) Me(z) + Re{w) = Rel{z + w)
ib)z+w=3+w

{e) Imiz)+ Imiw) = Im(z + w)

(d) T = (Z){w)

{e) Melz ) Re(w) = Rel{zw)

() 2/w = (2)/(w)

(g) Re(iz) = Tmiz)



(h) Meliz) = iRe(z)
(i) Reliz) = Imiz)
(1) Meliz) = iIm(z)
(k) Imiiz) = Me(2)
(1) Me(z) = NRe(z)

23.

Show that || = ¢°,

EXERCISES 1-B

. Find, in the form a + ib, the roots of these equations:
(i) 22 +6z+10=0 (i) z2—2z+2=0
(i) z° —6z+13=0 (iv) 2z2° =2z +5=0

Verify that 5+ i is a root of the equation z> =10z + 26 =0 and write down the
other root.

Write down the quadratic equation with roots
(i) *+2i (i) 1=2i (iii) 3 *2i (iv) —2 = iV5.

Verify that % + %i is a root of the equation 22" —2z +1=0 and write down the
other root.

5. Solve for x and y in each of the following equations:
(i) x+iy=02-3i)3+1) (ii) 2x +Siy = (6 + 2i)(3 — 4i)
(iii) (x +iy)+3(2—-3i)=6—10; (iv) 2x + iy =6
=NV 2x+y—35+iBx+y-7)=0 (vi) x +iy=(3-2i)(3+2i)
3-2i .
6. If 551 @ + ib, find the value of a and b.
7. Find the values of x and y in these equations:

(i) 3=5i)—(x+iy)=(6+i)+(y—xi)
(i) (x+iy)2+i)=(1-i)

8. If x* + 2xyi + y° = 10 + 6i, find the values of x and y.

10.

11.
12.

13.

If (x + iy)° =8 — 6i, find the values of x and y.

Express each of the following in the form a + ib:

(i) V5+12i (i) V—-15+8i (iii) V9 —40i
Express V2 — 2iV3 in the form a + ib, where a,b € R.

Expand (x + iy)(x — iy) and hence factorise

(i) x> +4 (i) x*+9y’ (iii) 4x° +25y°
N 2

+iy 1+3i

Given that . =1, find x and y, both €R.



14.

15.

16.

17.

Given that z =1+ i, show that z° = —2 + 2i.
For this value of z, the real numbers p and g are such that
p q :
+ =
1+2z 1+7° 2

Find the values of p and g.

(i) One root of the equation x*—ax—b=01s2—i.
Find the values of @ and b €R.

(ii) Two complex numbers z, and z, are such that z, + z, = 1.

If z=——and z,= find x and y.

Yy
1+ 1+2i°

The points a and ¢ represent in the Argand diagram the roots of the equation

2> =6z +13=0. If [ac] is the diagonal of a square abcd, find

(i) the numbers represented by the points » and d, if d has the larger
x-coordinate.

(ii) the area of the square abcd.

If z, =a+b*—3i and z, =2 — ab’i, find the real values of @ and b such that
Z, = Z,.

EXERCISES 1-C
. Represent each of the following numbers on an Argand diagram:
(i) 2+ 3§ (i) =2+ (i) —3i (iv) 4
. . N3 —2i
(v) i(2—3i) (vi) ; (vii) (2+3i)(i —i) (vm) T i
Write down the modulus of each of these:
(i) 3—4i (ii) 1+2i (i) V3 —i

(iv) (2+3i)(1 —2i) v) \—}_—i + % i (vx) (x+1)+iy

. Express each of the following in the form a + ib and hence find the modulus of
each:
—4
(i) i(1—1i) (il) (1+i)(V3+i) (i) 79

. If 2, =3—4i and z, =5+ 12i, show that |z, + z,| <|z,| + |z,]|.

S. If z; =3 -1 and z, =4 — 3i verify that

_ |zl
|2,
Express each of these complex numbers in the form r(cos 6 + i sin 8):

(i) 1+ (i) V3+i (iii) —V2+iv2

<4

(i) ]Z1|'|ZZI=|zIZZ| (i1)

2



1 V3,

(iv) 1 —iV3 (v) 4i (vi) 5 = T i
(vii) —5 (viii) —3i (ix) — \/_ \/_
7. Simplify the following and express your answers in the form r(cos @ + isin 8):
2 e _2
(i) (1+iV3) (ii) Sy
=x+i luate |2
8. If z = x + iy, evaluate 12
(Hint: .ﬁ _ =l )
23 |z, |
9, Express each of the following in the form a + ib:
.. 5@ . . 5w
(i) 4(-::05 g + i sin -g) (ii) 2(005 r + i sin ?)
3 .3 . 2@ . . 2®
(ii1) \/i(cos TW + i sin —47—T) (iv) 2(005 3 + i sin T)
1
10. Find the modulus and argument of z, where z = a—iy

11. Express the following in the general modulus-argument form:

(i) 2i (i) 1+ V3 (i) —3-iV3 (V)

1+:

12. Find the modulus and argument of each root of the equation x> +4x +8=0.

N
13. Find the modulus and argument of (i) wz and (ii) S &iven that
w=10i and z =1+ iV3.
14. Represent the following graphically and write it in polar form.

a)1+jvV3 b)v2-jV2

15. Represent the following graphically and write it in rectangular form.
a) 6(cos180°+ jsin180°) b) 7.32 2-270°

16. compute and draw the following numbers in the complex plane
a) eTEl/B b) \/2637“/4 C) eTEl + 1 d) e||n2 e) ;4 f) 1;4 g)12€w| +3E—.‘H
'-‘Tl ©e TR

17. compute the absolute value and argument of e(In2)(1+)

18. Write the following numbers in standard (rectangular) form.

(a) 3T (b) 12T (c) 19

19. Given Z=5+21,w=-3tb1and V =71

(a) Plot the complex numbers z + %, w + @ and v + # in the complex plane.



(b) Plot the complex number 2w + % + v in the complex plane.

(¢) Plot the complex number v — 2 — w in the complex plane.

20. Find [r, 0] in the following and express your answer in the polar form.
(a). [2, 1/4 =] x[r,0]=[10,5/4 7] (b).[r, 6] X[F, 0]=][r2, 02] (c). [I2, 62]/[r1, 01] =[r, 6]
EXERCISES 1-D

1. Use the result z,z, = r,r,{cos(6, + 8,) + i sin(6, + 6,) to s1mpllfy the following,
giving your answers in the form a + ib:

(o i) TormZ) 0 (on 3 i)
(i) |co 1 )\cos o +isin ii) |cos zsm3

3
T T .. W . T T
(iii) ((,os — +isin g)(cos 3 + i sin §) (iv) |:2(COS 9 + i sin 9)]

2. If z,=r((cos §, +isin@,) and z, = r,(cos & + isin 6,), show that

z, 1 .
z_i = r—i {cos(#, — 8,) + i sin(6, — 6,)}

3. Use the result obtained in question 2 to express each of the following in the

form a + ib:
cOS = + i sin = cos—ﬂ-Jr'-' 2%
) 2 81 7 - S 6 I Sin 6
i) — - (if)
— +isin — COS = + i sin —
% 6 3 3
4
o 10 )
[ cos 75 i sin e _ 1
(iii) (iv)
T isin & a\ 1
Cos & +isin ¢ [\/ﬁ(cos + i sin )]
6 6
3 3 2w 27\°
a. Simpity (cos 37 + 150 37 ) (cos 27 4 5in 27’
Simplify | cos 7~ Fisin —= J{cos —= +isin —

5. By expressing each of the following in the form r(cos @ + isin#),
write down the modulus and argument of each of these:

. T . T . 37 . 37:')
(1) cos 5> —ising (ii) B(COS g isin—
(iii) V2(cos 6 — i sin 6) (iv) [2(005 > —isin g)]

1

(i) Show that if z =cos 8 + isin 8, then z = -

(it) If z=cos @ — isin @, write down thc real part and the imaginary part of

(1-2).

1—=z
N htR(
ow show tha e1+z

): 0, where Re is the real part of a complex
number.



7. Find, in the form a + ib, the complex number z such that

5 +1505) 1
ZC054 ISlﬂ4 = 1.

8. Express 1+—z‘tam_8 in the form cos k6 + i sin k8, kK € R.
1—itan 6
9. Express -_1—_;—1\/3 in the form r(cos 8 + i sin 6)
. (—14+iV3Y
and hence simplify — /-

10. Express the complex number z, given by z= -2+ 2V3i, in the form

r(cos ® +isin 8), where r >0 and —7 <0 < 7.
Hence, or otherwise, express z> in the form a + ib.

1
Find the modulus and argument of i

1
11. If z =cos 8 + isin 6, show that z + p =72 cos 6.

Hence find the value of z — z~ .

12. Find the value of k if
1.
(cos 6 + i sin 8)°

(cos 8 + isin 8)° +

13. Express the following in the form x + iy

a (cos 28 + 1sin 26)(cos 38 + i sin 30)

b (cos ?—T +isin ?—I’)(cos ?—T’ + isin %llr)

c 3(cos”4—’+ i sin "'E"] X Z(CDS % +1isin %}

d v"ﬁ_(cos (%’) + isin (;—{)) X \/E’T(cos;—r+ isin %r)

s 52 105 o587 ¢ om0

9 18 18

T4 isinT T 4isinT) x L cos 27 + i si
fﬁ(cos +[smm)><5(cos +isin }xg(ms +isin

10 3 3 5

g (cos 460 + i sin 46)(cos @ — i sin §)

h 3((:051% +isini%) X ﬁ(cos;—r—isin%)

Ji(cos 12—" +isin g] 0 3(cos % + isin %)

%(cos% + i sin %] 4(cos 5?17 + isin %“7)

(i)

cos 26 — isin 28
(k) cos 36 + isin 38

= k cos 36.

Ta oo )
(I) Evaluate M
cosl—g—isinl—g)



14. Use de Moivre's theorem to simplify each of the following:

a (cos @ + isin §)° b (cos 30 + isin 36)*
T 4 isinZ) T L isin Z\®

c (cos6+1sm6) d(cos3+|sm3)
2_11' P 2_11'5 i f i T 15

e (cos < +isin 5) f (cosm+ls|nm}

_ €0s 56 + isin 56 (cos 26 + i sin 26)7

8 0520 + isin 26 (cos 468 + i sin 46)3

i 1 i (cos 28 + isin 20)*
(cos 26 + i sin 26)° (cos 36 + i sin 36)°

K SO 58 + isin 58 cos @ —isin @
cos 38 + isin 30 cos 26 — isin 28

cosO—isinf

m cos50+isms0
cos40—isin46

cos20-isin26

0 cos 2o + isin 2a p _(('m-; f = isin H)_"
cosa +isina (cos 6 + isin 6)*
c0s26 +isin26 . 3 L. )
(@) 0530+ 1530 (r) (cos 20 +i sin 20)° (cos 30 + i sin 30)
3 ISl >
EXERCISES 1-E

1. Show that —2+4i is a root of the equation z* +4z +20=0 and write down
the other root.

2. Solve these equations. giving the roots in the form a + ib.

() 22—2z+17=0 (i) z2+4z+7=0.
3. If z=x+iy, verify that
(i) z+ z=2Re(2) (ii) |z|*=z.2
4. If z = x + iy, verify that
() Z7—z:=3%, — 4,
(ii) z,z, — 2,2z, =2iIm(z,%,)

- 1 5 >
(iii) Re(z,z,) = 3(z,2z, + 2,2;)

5. Show that 1 + i is a root of the equation z° —42z° + 6z — 4 = 0 and find the other
two roots.

6. Form the quadratic equation whose roots are —2 =+ 7.

Now show that —2 + i is a root of the equation z° + z®> —7z — 15=0 and find

the other roots.



7.

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19

Form the quadratic equation whose roots are —3 = 2.
Hence form the cubic equation whose roots are —3 *2i and 1.

(i) Form the quadratic equation. one of whose roots is 3 — i.

(ii) Form the cubic equation. two of whose roots are 2 and —1 + i.

Find the real root of the equation 2z +z+10=0, given that one root is
1-2i.
1+2i
1—i
Find the values of a and b.

is a root of the quadratic equation ax’+ bx+5=0, where a,b €R.

Verify that 2i is a root of the equation x* + 2x” + 7x° + 8x + 12 =0 and find the
other roots.

Factorise z° — | and hence solve the equation z° —1=0, giving the complex
roots in the form a = ib.

If the complex roots are « and B, verify that a’= B.

If 2+ iis a root of the equation 2> + a2z’ + bz +10 =0, find the values of a and
b given that the product of the three roots is —10.

Explain why the roots of the equation
= (3+2)z+1+3i=0
do not occur in conjugate pairs.

—b+Vb*—4dac
2a

equation in the form a + ib.

Now use the formula z= to express the roots of the given

Given that V24 — 10 is =(5~ i), solve the equation
22+ (1-3i)z— (8- i) =0, expressing the roots in the form a + ib.

Obtain a quadratic function f(z) = z* + az + b, where a and b are real constants
such that f(—1—2i)=0.

Given that & =1+3i is a root of the equation z° — (p +2i)z + g(1+i) =0,
and that p and g are real, find p and ¢ and the other root of the equation.

Show that i is a root of the equation
2 —it-z+i=0.
and, by factorising or otherwise, find the other two roots.
The complex number z satisfies the equation
4zz-8z=13-4i )

where 2 is the complex conjugate of z.
Find in the form x + iy, the two possible values of z.



20. Solve the equation z° — (4+ 5i)z — 3+ 9i = 0.

21. In the quadratic equation x* + (p + ig)x +3i =0, p and g are real.

10.

Given that the sum of the squares of the roots is 8, find the two pairs of values
of p and gq.

EXERCISES 1-F

. Use De Moivre’s theorem to simplify the following, expressing each answer in

the form a + ib:

: 4 e N7
(1) (cosq—g+isin g) (i) (cos%+isin g)
(iii)(c~2—w+" 371)* (i)(osiz+i' iq—r)ﬁ
. os = +isin = v) {cos % sin —

Express V3 + i in the form r(cos @ + i sin 6).
Hence use De Moivre’s theorem to express (V3 + i)® in the form a + ib.

. Change to modulus-argument form and use De Moivre’s theorem to cvaluate

each of the following, giving your answers in the form a + ib:

() (1—0)* () (=1-i) (i) (-2—2i) (iv)é—\@—i)S

. Use D¢ Moivre’s theorem to show that
V3.1 )"
. 8 _ ve Y242 —
(i) 1+i)y =16 (ii) ( St i
1-iV3\"?.
. Express (—5—) in the form a + ib.
-1+ V3 ' —14+iV3\”
. Express —Wilﬁ in the form a + ib. Hence evaluate (—7—3:—) .
Use the identity cos 40 + i sin 48 = (cos 6 + i sin 6)* to show that

(i) cos 46 =8cos’d —§cos0 + 1 (ii) sin 46 =4 cos™0 sin 6 — 4 cos 6 sin’6.

2 . .
Express cos %7—7 — isin ?-W in the form cos 8 + i sin 6, 8 € Z, and hence cxpress

20 .. 2w\ . .
€Os —3= — isin =~ in the form a + ib.

§)
. Prove that {cos(@ + 1—7) +1i sin(B + E)} = cos 68 + i sin 60.

3 3
Use De Moivre’s theorem to evaluate each of the following:

™ ko o ™ o 4
(1) (sm 3 + i cos 5) (ii) (sm s + i cos E)
[Hint: sin 6 + i cos § = cos(90° — 6) + i sin(90° — 0)]

10



L

-5 \°.
11. Express V3 in the form, r(cos @ + i sin #), and hence express <i — \/5> n

the form a + ib.
12. If z = cos @ + i sin 6, show that

| ..
(1) l=c056——isint9 (ii)) — =cos26 — isin20
z z

Hence express

1 .. 1 . ]
(i) 22+ 2 asa multiple of cos 26 (ii) z* — — asa multiple of sin 28.

' 1
13. If z = cos @ + i sin 8, show that (z -+ E) = 2 cos 6.
. 1\° 3, _ 1 3
By expanding | z + Z/) show that cos’@ = zcos38 + 7 cos 6.
14. Simplify

(3 - 3i)! (v3+ i)
a) (V3+i)3 p) (1-i)

15. Calculate

a) {E (m& % + i gin g)}ﬁ b) (1 - i’*"f3)6
EXERCISES 1-G

Use applications of de Moivre’s theorem to prove the following trigonometric identities:

1 sin30=3sin@—4sin®0

2 sinS#=16sin*0 — 20sin®*@ + 5sin @
3 cos70=64cos’ @ — 112 cos®* @+ S6cos* §#— 7 cos @
4 cos46=sl[cos46—4c0523+3}

5 cos® § = (sin 56 — 5 sin 39 + 10 sin 6)
6 a Show that 32 cos® @ = cos 68 — 6 cos 46 + 15 cos 26 + 10.

b Hence find j; & cosb 0 de in the form aw + b/3 where a and b are constants.

7| a Use de Moivre’s theorem to show that sin 48 = 4 cos? #sin # — 4 cos # sin? 8.

4tan § — 4 tan® ¢

1 — 6tan® § + tan* ¢

¢ Use your answer to part b to find, to 2dp, the four solutions of the equation
xt4 4t -6 -4+ 1=0.

b Hence, or otherwise, show that tan 40 =

11



8. Use de Moivre's theorem to prove the trig. identities
(a) sin268=2sinBcosh

(b) cos50 = cos’ @—10cos’ Osin® O+ ScosBsin’

9. Use De Moivre’s Theorem to express cos30 and sin36 as polynomials in terms of
sin® and cosO respectively.

10. Using De Moivre's and the Binomial theorem express cos 4# as a polynomial in
cos #

11. Find a formula for cos 3# in terms of powers of cos # by using De Moivre's
theorem. Hence express cos3 # in terms of cos # and cos 3#

12. Express sin 30 as a polynomial in sin 6 and hence express sin 3 0 in terms of
sin © and sin3#

13. Express sin? 6 in terms of the sines multiples of 6.

14. Find formulas for sin 60 in terms of cos 0 and sin 6 by using de Movre's
theorem

15. Express cos 50 and sin 50 as a polynomial in cos 0
16. Use De Moivre’s theorem to show that

a) Cos40 = 8 cos*0 — 8cos?0 +1
b) Sin 40 = 4 cos30 sinb -4 cosO sin30

(
(
(c) CosSO = 16c0s°0 —20 cos36 +5cosbO
(

d) Cos® = (¥32) [cos60 + 6 cos40 +15c0s260+10]
(€) Cos30 = (/4) [cos36 + 3cos]
(f) sin*@ = (/4) [cos46 -4cos20 + 3]

(g) Express sin®0 in terms of sines of multiples of 0.

25. Express S _’; as a polynomial in sin 6
s1n

26.  a Express sin? @ in the form d cos 46 + e cos 26 + f, where d, e and f are constants.
b Hence find the exact value of L 2 sin* 0de.
217.
Express
a cos 66 in terms of powers of cos 6, b %g& 6 # nm, n €], in terms of powers of cos 6.

12



EXERCISES 1-H

. Express 8i in the form r(cos 6 + i sin 8).

Hence find the cube roots of 8i.

Express —1 in the form r(cos @ + i sin 8).
Hence! find the cube roots of —1.

Express the following in modulus-argument form and hence use De Moivre’s
theorem to find the square roots of each:

(i) 4i (ii) 2 —2iV3.

4. Find the cube roots of 27i.

. Solve the equation z* +1=0.

If 1, ® and w” are the cube roots of 1, show that
() (1+w?)’=-1 (i) (1 - @)’(1+ w)=3.
1

w
. . 2 2y iy —— = — = _
7. Verify that (i) (l-w+ o ) (l1+two—-—w")=4 (ii) (1— w)? 3
8. Evaluate (i) (1 - 0)(1— ®?) (i) o’(1+ )’ + 0’ (1 — w)™.
9. Show that (i) i(w — @?) is real
(i) w’(w—1)°
1) ————————— = =
(0 +1)°
10. Show that (wa + w’b)(w’a + wb) = a*> — ab + b’
11. Find the four fourth roots of —16.
EXERCISES 1-1
1 Solve the following equations, expressing your answers for z in the form x + iy, where

xe[ Jandye[ ]
azt-1=0 bzZ2-i=0 c z23=127

dz?+64=0 e zt+4=0 f 22+8i=0

Solve the following equations, expressing your answers for z in the form r(cos 6 + i sin 6),
where —7 < 6 =< m.

azi=1 bz4+16i=0 c 7254+32=0
dz2=2+2i e 24+ 2/3i=2 f 24+16/34+16i=0

Solve the following equations, expressing your answers for z in the form re”, where r > 0
and -7 < = 7. Give fto 2dp.

azt=3+4i b 22 =VIT - 4i c 2t = —V7 + 3i

13



a Find the three roots of the equation (z + 1)3 = —1.
Give your answers in the form x + iy, wherex €[ Jandy €[].

b Plot the points representing these three roots on an Argand diagram.
c Given that these three points lie on a circle, find its centre and radius.

a Find the five roots of the equation z° — 1 = 0.
Give your answers in the form r(cos @ + i sin 6), where — 7 < 8 < .

b Given that the sum of all five roots of z5 — 1 = 0 is zero, show that

Cos (2?1'!') + cos ('45_1'!') = —%.

a Find the modulus and argument of —2 — 2V3i.

Hence find all the solutions of the equation z* + 2 + 2/3i = 0.
Give your answers in the form re”®, where r >0 and -7 <9< =.

-a

Solve the equation z* + 4V2 + 4/2i = 0.

Solve the equation z* = 2 + 2v3i.

EXERCISES 1-J (MISCELLANEOUS)

in the form a + ib.

(1 +2i)?
i

(a) Express ——

1
1 L. 5
(b) Given that z=—3 + 3, express 77— In the form

r(cos 8 + i sin 6). where —m<e<m.

(¢) If 1, » and w> are the cube roots of unity, show that
(1+20 +30?)(1+20°+3w)=3.

(a) Find all possible values of the real numbers a and b which satisfy the
equation

6—2i

b+i

1 V3.

20
(b) Use De Moivre’s theorem to express (i 7 l) in the form a + ib.

(c) If -2 — _2;. find the two values for z in the form a + ib.

3. (a) Find in the form a + ib, the complex number z which satisfies the equation

2z—3= 3
1—4i 1+i°

14



(b) Given that z = V3 + i, express in the form r(cos 6 + i sin 6)

(c) Given that p a

4. (a)

(b)

(©

5. (a)

(®)

©

6. (a)

(b)
©

7. ()
(b)

©

|
@22 @) 3
nd g are real and that 1+2i is a root of the equation
2+ (p+5i)z+q(2—i)=0, find

(i) the values of p and g. .
(ii) the other root of the equation.

Given that z, =2+ i and z, = —2 + 4i, find, in the form a + ib, the complex
number z such that

zZ oz, oz

Find also |z|.

Express z = in the form r(cos® +isin@) and hence evaluate

5 6
(=)

If 1, w and w” are the cube roots of unity, find the value of

(1+20 +30’)(1+ 20> + 3w).

-1+

Find the two real numbers x and y such that
x(3+4i)—y(1+2i)+5=0

4
cos g + i sin g)
Without using tables simplify .
T .. i
cos o —isin g )
Find the three roots of the equation z°> = —i.

Given that z = a + ib, a,b € R, find the possible values of z if
zz —2iz =7 — 4i.

If (a+ ib)> =5 — 12i, find the values of a and b, where a.b € R.

(i) The roots of the quadratic equation z° + pz + g =0 are 1 + i and 4 + 3i.
Find the complex numbers p and gq.

(ii) If 1 + i is a root of the equation z” + (a + 2i)z + 5 + ib = 0, where @ and
b are real, find the values of a and b.

Find x and y € R such that x(1 + i) + 2(1 — 2i)y = 3.

Show that 1 + i is a root of the equation z° —4z> + 6z — 4 =0 and find the
other roots.

Express 2 —2iV3 in the form r(cos 6 + i sin #) and hence solve the
equation

z2=2-2iV3, giving your answers in the form a + ib.

15



11+2i . ;
8. (a) Express the complex number z,=—l in the form x+ iy,

3—4i
where x and y are real.
Given that z, =2 — 5i, find the real numbers « and B such that
az, + Bz,=—4+1i.
p 9
—+
2—1 1+ 3

(b) z is a complex number such that z =

where p and g are real.

If arg z = g and |z| =7, find the values of p and gq.

9. (a) Find the number m such that |1 — mi| = 2m, where m € R.

(b) The complex number z = 2i. Find the values of a and b such that
(a + ib)* = z.

[V3(cos 6 + i sin 6)]"
cos 260 — isin 26

(c) Express in the form r(cos k6 + i sin k6).

10. (a) The complex numbers z, =

real, are such that z; + z, = 1.
Find the values of g and b.

where a and b are

(b) Use De Moivre’s theorem to evaluate (1 + )" — (1 — )", when n = 20.

(c) Show that (sin 6 + i cos 6)" = cos n(g — 9>+ i sin n(g =— 6), where n € N.

11. (a) Show that z =1+ i is a root of the equation z" + 32— 6z+10=0 and
find the other roots.
(b) If 2, z,, z, and z, are the roots of the equation z* = 16, find the value of
2-2z)2—-2,)2-z5).
(c) Use De Moivre’s theorem or the method of induction to show that

(cosB—z’sinB

M) = cos 2n6 — i sin 2n6.

12. (a) The complex number z satisfies the equation 2zz — 4z =3 — 6i, where z is
the complex conjugate of z. Find in the form x + iy two possible values of z.

(b) Show that 1+ 2i is a root of the equation z° —3(1+i)z+5i=0 and find
the other root.
1\* 1\
(c) Expand (z + E) and (z - ;) .
By putting z = cos 6 + i sin 8, deduce that
cos*d + sin9 = 3 (cos 40 + 3).

1+2i .
13. (a) If 1—; Isaroot of the equation ax’+bx+c=0, a,bE R, find the

values of a, b and c.

(b) If 1, w and w? are the cube roots of 1 and given that w = w?> and that
1+ w + @® =0, find the value of 2w? + 5w + 2)°.

(c) Show that 1+ cos 8 + i sin 6 = 2 cos g(cos g + i sin g)

16



14. (a) The complex number z satisfies the equation
2zz—4z =3 —6i,

where z is the complex conjugate of z.
Find, in the form x + iy, the two possible values of z.

(b) Find the quadratic equation with real coefficients which has

. o .. v
2:((:05 r3 + i sin 6—) as one root.
If the roots of this quadratic equation are denoted by a and B, show
that «®+ g% =27,

z—1 5

z
¢c) Solve th i =
(c) Solve the equation T + 5; 347

15. Find the cube roots of 1 + i
16. Find the cube roots of z = 64(cos 30° + i sin 30°)
17. Find the fourth roots of 81i, that is of

81 (cos + i sin)

2 2

18.  Find the roots of 22 — (1 — %)z + 7¢ — 4 = 0 in the form a + 3b.

19. (a) Compute

f{c-:-s*lr]" dr
by using cos@ = -,}{-E"" + e~ ") and expand-
ing the fourth power.
(b} Assuming a £ B, compute

f.t_-_";"'q‘Iﬁinf.l.J:]2 dr.

(same trick: write sin ar in terms of complex
exponentials; make sure vour final answer
has no complax numbers. )

20. Find all solutions of z° = 6i.

21. Find the real part of (cos 0.7 + isin 0.7)>,

22. Find all t?{)m]:-!mi numbers z, in Cartesian (m'.'tangular) form such that (z — I}" = -
23. Write (/3 + )™ in polar and in Cartesian form.

24. Find all fifth roots of —32.

25. Write the following in Cartesian form a + ib where a and b are real and simplified as much
as possible:

[3) IL (b) e2+i7/3



26.
27.

28.

29.
30.
31.
32.
33.

34.

HBoo~NooakwhE

o el
wMn e o

Write all solutions of z* = 8i in polar and Cartesian form, simplified as much as possible.

Find all complex solutions of the equation 2° = 1 +i.

: L 2+1
Find the imaginary part of 3 i 1
— 1

Find the angle between 0 and 27 that is an argument of (1 — )%,

Find all z such that e* = 3i.

Write (1 — i)' as a + ib with a and b real numbers and simplify your answer.
Find the real part of e+1%)* where r is real, and simplify your answer.

Find all solutions to z® = 8 and plot them in the complex plane.

Example. Obtain cos66 in terms of cos#. Hence show that x = cos(2k + 1){5 where

k=0,1,2,3,4,5 is a solution to the equation 322°% — 482* + 1822 — 1 = 0 and hence deduce

: 08 5w 1
that cos 15+ COS 55 = 7.

EXERCISES 1-K

Express el in rectangular form accurately to three decimal places.
Compute sin(1-1)

Evaluate cos(1+2i)

Evaluate cos(m-i)

Find all values of In2

Find all values of In(-1)

Find the principal value of In(1+i)
Find the principal value of (1+i)!
Find the principal value of (1+i)%
Find the principal value of 2'

Find all values of (i)*?

Find all values of (i)%3

Find and simplify cot (x -i In3)

EXERCISES 1-L

Evaluate the following integral by using complex exponentials

a. [ sin3wsinbzdr b. [ cos2zcosdxdx c. [sin2zcosdxdx
d. fﬁill4 xdx e. f:-;in6 xdx f. f.*iill2 rcos?xdr
g. f cos? z — sin? x dx h. f cos*z —sin* z dx i. f cos 2x sin 2x da
. /2 T /4 .
J- fO /2 cost x dx k. fo cos 3x cos b dx 1. fo /4 cos2 z sin? z da
8o o I SIS~ S tantz 5
m. [cos®xdx n. [coszsin®xdx o. [ B Zdx
. 2
P. [ e cos 2x dx q J cost zsin? z dz. . f sin”(2r) cos(3x) dx

S. f e3* sin2x dx

18



10

11

12

13

14
15

EXERCISES 1-M (MISCEL LANE

If z = x + jy, where x and y are real, find the values of x and y when
3z 3z 4
I + e
1—j 3—j
In the Argand diagram, the origin is the centre of an equilateral triangle

and one vertex of the triangle is the point 3 + j+/3. Find the complex
numbers representing the other vertices.

Express 2 +j3 and 1 —j2 in polar form and apply DeMoivre’s theorem to
(2 3j3)*

evaluate 1—j2

form.

. Express the result in the form a + jb and in exponential

Find the fifth roots of —3 + j3 in polar form and in exponential form.
Express 5+j12 in polar form and hence evaluate the principal value of
/(5 +j12), giving the results in the form a + jb and in the form re/.

Determine the fourth roots of —16, giving the results in the form a + jb.

Find the fifth roots of —1, giving the results in polar form. Express the
principal root in the form re/’.

Determine the roots of the equation x* + 64 = 0 in the form a + jb, where
a and b are real.

5 i
Determine the three cube roots of 2—_‘_; giving the result in modulus/
argument form. Express the principal root in the form a + jb.

Show that the equation z3> = 1 has one real root and two other roots
which are not real, and that, if one of the non-real roots is denoted by w,
the other is then «?. Mark on the Argand diagram the points which
represent the three roots and show that they are the vertices of an
equilateral triangle.

Determine the fifth roots of (2 —j5), giving the results in modulus/
argument form. Express the principal root in the form a + jb and in the
form re/®.

Solve the equation z2 + 2(1 +j)z + 2 = 0, giving each result in the form
a + jb, with a and b correct to 2 places of decimals.

Express el 7/7/2 in the form a + jb.

Obtain the expansion of sin 76 in powers of sin#.

Express sin®x as a series of terms which are cosines of angles that are
multiples of x.
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16

17

18

19

20

21

22

23

24

25

26.

27.
28.
29.

z
If z=x+jy, where x and y are real, show that the locus

‘:215&

circle and determine its centre and radius.

—1
If z = x + jy, show that the locus arg{i—_}.} = % is a circle. Find its centre
and radius.

If z = x + jy, determine the Cartesian equation of the locus of the point z
which moves in the Argand diagram so that

|z +j2]* + |z —j2|* = 40.

If z = x +jy, determine the equations of the two loci:

(a) ‘z+ 2| =3 and (b) arg{z+ 2} :g

Z Z

If z=x+4jy, determine the equations of the loci in the Argand diagram,
defined by:

z+2 z—1 T
(a) z~1|:2 and (b) arg{z+2}=§
Prove that:
(a) if |21 + 22| = |21 — 22|, the difference of the arguments of z; and z, is %

. 21+ 2y T 1
(b) if drg{ZI —Zz} =5 then |z;| = |z

If z = x4 jy, determine the loci in the Argand diagram, defined by:
(a) |z+j2/" —|z—j2f = 24
(b) |z +jk|* + |z - jk|* = 10k* (k > 0)

If z= x+jy, find the locus arg(z+ 1) = %

If z = x +jy, find the equation of the locus arg(z®) = — E

If z = x +jy, find the equation of the locus §+ ' = 2.

It 2y =141 & 25 =2+ 3i find the locus of 2 if |z — 2| = |2 - 2.

Sketch the locus of R(z +1z) < 2.
Describe in geometric terms, the curve described by 2|z| = 2 +7 +4.
Sketch the curve: (i) R(2%) =3 (i) $(z%) = 4.

Show algebraically that |2 — 2 —i| = 4 represents a circle with radius 4 units
and centre (2,1).
20



30.

31.

3
4 r
Find the Cartesian equation of this locus.

If arg(z + 3 + 2i) = sketch the locus of z on an Argand diagram.

Find the loci in the complex plane given by (a) Re(z) =2, (b)
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